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ABSTRACT 
Let G be a simple connected graph with n vertices and m edges. Let A be the 
adjacency matrix of G. The spectral radius p(A) of A satisfies 
with equality if and only if G is isomorphic to one of the following two graphs: (a) the 
star K,, n_ 1; (b) the complete graph K,. 
Let G be a graph with m edges and A be the adjacency matrix of G. 
R. A. Bxualdi and A. J. Hoffman [l] showed that the spectral radius p(A) 
satisfies 
p(A)<k-1, where m= 
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with equality if and only if G is isomorphic to the disjoint union of the 
complete graph K, and isolated vertics. Recently R. P. Stanley [2] improved 
the above result. He showed that the spectral radius p(A) of A satisfies 
lc p(A)<(-1+~~)/2.Equalityoccursifandonlyifm= 2 andGis 
i 1 
a disjoint union of the complete graph K, and isolated vertices. Here we 
obtain a bound on the spectral radius of connected graphs with m edges and 
n vertices. Since 
the upper bound in (1) is an improvement of Stanley’s upper bound. We also 
obtain the conditions for equality. 
THEOREM 1. Let G be a connected simple graph with m edges and n 
vertices. Then the spectral radius of the adjacency matrix A of a graph G 
satisfies 
p(A)<d2m-n+l (1) 
with equality if and only if G is isomorphic to one of the following two 
graphs: 
(a) the star K,,,_ 1, 
(b) the compbte graph K,. 
Proof. Let Ai denote the ith row of A, and di the ith row sum of A. 
Let X=(x,,x,,..., T,,)~ be an eigenvector of A length one and correspond- 
ing to the eigenvalue p(A). Let X(i) denote the vector obtained from X by 
replacing Xi with 0 if vi is not adjacent to vi. Since AX = p(A)X, we have 
A,X(i) = A,X = p( A)ri. 
Hence by the Cauchy-Schwartz inequality 
p(A)2~,Z=~AiX(i)~2<~Ai~2~X(i)~2=d~(l~ C XT), (2) 
oi nadj vi 
where the sum is taken over all vertices vi which are not adjacent to vi. Sum 
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on i to obtain 
p(A)2<2m- 
Now 
idi( c x;)=idix;+ edi 
i=l vi nadj q i=l i=l 
jfi 
> igldixf+ i 
i=l 
j#i 
= i d,x;+ t (n-di-1)x; 
i=l i=l 
=n-1. 
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(3) 
(4 
Hence from (3) 
In order for equality to hold in (l), all inequalities in the above argument 
must be equalities. In particular, from (4) we have 
i di( c x;) = i c x;. 
i=l oj nadj o, i = 1 vi nadj II, 
(5) 
Hence either di = 1 or d i = n - 1 (1~ i < n), which implies: 
(a) G is the star K1,,_l, or 
(b) G is the complete graph K,. 
Conversely, it is easy to show that for the above two graphs equality holds 
in (1). This completes the proof. n 
COROLLARY 1. Let G be a simple planar graph with n >, 3 vertices and 
m edges. Then the spectral radius of the adjacency matrix A of G satisfies 
,o(A)&ii=ii. 
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Proof Take m Q 3n - 6 in Theorem 1. 
We denote the eigenvalues of A in decreasing order by 
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n 
X,(G) > X,(G) 2 . . . > X,(G). 
COROLLARY 2. Let G be a simple connected graph with n vertices, then 
t X:(G)>,n-I 
i=2 
with equality if and only if 
(a) G is the star K1,,_l or 
(b) G is the complete graph K,. 
Proof. This follows from the above theorem and Cy==,h:(G) = 2m. n 
Let D be a diagraph. For the vertex v, we denote the outdegree and 
indegree in D by d+(v) and d-(v) respectively. A digraph is balanced if for 
every vertex v, d+(v) = d-(v). A graph is a digraph in which for every arc 
(u, v) there is an arc (v, u). 
Using the above method, we have: 
THEOREM 2. Let D be a balanced strongly connected digraph with n 
vertices and m edges. Let A be the adjacency matrix of D. Then the spectral 
radius p(A) of A satisfies 
with equality if and only if D is knrwrphic to one of the following two 
graphs: 
(a) the star K1,,_l, 
(b) the complete graph K,. 
THEOREM 3. Let G be a disconnected graph with n vertices and m 
edges, and having c components Gi (1~ i < c) that are not isolated vertices. 
Let A and Ai be the adjacency matrices of G and Gi (i=1,2,...,c) 
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respectively. Let ~(A)=p(A,)=max,~~~.p(A~). Then 
p(A) ~J2rn-nT-T. 
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where p(X) is the spectral radius of the matrix 
only if G, is either the complete graph K,I 
(2 6 i < c) is the complete graph K,, where n, 
G,* 
X. The equality holds if and 
or the star K1,.,_ 1 and Gi 
is the number of vertices of 
THEOREM 4. Let D be a balanced digraph with n vertices and m arcs, 
and having c strongly connected components D,, D,, . . . , 0,. Let A and Ai be 
the adjacency matrices of D and Di (1 d i < c) respectively. Let p(A) = 
p(A,)=m=i,,,,p(A,). k 
where p(X) is the spectral radius of the matrix X. The equality holds if and 
only if D, is either the complete graph K,1 or the star kl,,,_ 1 or the directed 
cycle c*,, and Di is the directed cycle Cni (2 < i Q c), where n, is the number 
of vertices of Di (1 d i Q c). 
Recently S. Friedland also improved Stanley’s bound. In [3] Friedland 
showstbatincasem=(n-l)(n-2)+s and s=l,n-2,n-3,n-4,the 
maximal spectral radius is achieved only for a graph containing K,_ i. 
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